
Yiddishofthelayn

= pose
f =



coordinateve.at#
•Rqgi We say

B:(vi.
.
.vn ) is a -É for V

n span (D) =V
2) ☐ is LI

⇔ every
vector well we can write w ! as

a LC of vectors in B

This gives us a way
to "

name
"

vectors easily



Def ! Let B- Cv. . .vn ) be far V

Let well be arbitrary and write weGE
( Con Cu GIF )

Thin we call the vector

[ w
'

} : ( & ) c- IF
Cn

the coordinate ofwiÉ



this allows us to
puss questions about

"

abstract vectors "

toÉE

EI ! Let } :(v. - un ) be basis for V.

is A vector we spun G- i , - , 2-a)into { ⇔ [who c- spun ( [Zito
,
-

,

,
Hilo )

pure
this 2) A list of vectors w. - Wu an LI in V

⇔ [w.TO
,
. . . [Write an LI is IF

"

Potential issue

• these
"É

"

are dependent on B



• QI what if we chose a different basis D
'

That is
,

how are

[ To [ To .

related?-
-

• To answer this , we will turn toÉ



Linear transformations

Étude "

proper
"

def of a function

between LIF-us V. W ?

• we can in 4W

•we can 5€ by a # c- IF

- > the functions should
preserve this

.

F. whispers . .
. - - category theory



Def: A function Tiv-0W between 2 F-us is

a Éʰm if (la )

1) V-v.in EV T(vitvvu) = Tlv, ) tw Tcu)

2)V-vehcelFTC.eu) = Icu)

ex) ;)V2 #
"

,
W :B
"

and 1- c- Mmm (F)

Then TCI ) :=Aw Felt
"

( At&tE) = Air , + Air. and Alai)=cAE)



ii) let SIS' be a function of sets
.

is

this gives É linear
map

Fat Csi
,
#-) Fat# F)

"

Giorgi") g->

Lie f-*(9) = Sof )
Pf ) Want to check that f-*(9.+b) = -1*19

.
)+f*C%)

Indeed 7*(8+8)=0 , +b)of
.
Now ktses

.

Then (9.+b) f-G) = 9 , (1-157)+8,11-61)
"% \ If*(g.+g) (s) __④ •f) (s) t@ •f) Cs)

=#9)Cs) + f-*(G)G)
Thus f*(9.+%) = f-* + f-*(b)

Check that f-* Cag) = cf*cg) for cell? SEETA 'sF)



propwtiisoflinearmapsoe.fiLet Jiu -ow to linear . Then

1) theK of T is the subset

rÉÉ ≤ V

2) The ¥17s of T is the dimension of

É
3) The ra-nge.tw# ) of T



im (T) = {wow /
FVEV with 7

is =w } E W

47 Ther of T is the

dimension of i¥T

Wwmup ! 1) Show ) EV is a subspace

exe) 2) Show i ≤W is a subspace .

Pt) Lets check that Kult) is a subspace . Indeed ,note
TCQ) = Tlovtov) = Tcu) + Tcu)



→ add inverse Ow = Tcu) je Ov c- kerct)

- Also ✗iii. c-KWCT) then Tcx , +✗e) =Tl✗,
1+17×27=9

• Given -0 c-IF
,
✗ c-Kerk) than Tld✗7--017×7=0w I

Read:We say a function f :X →Y is☒É if

É==y

Pry: T.li -0W linear . Then Tis iÉ Ift

Ei
Pf) Assume T injective and let ✗e.Kent) •

Then

TC✗l=0= TCA => ✗ =Q

Now assume Kira :{ Ou}



Assume Twitty) tw × , > c- V

Nok Tan -Tly) = Ow 6A 17×1-1-41=1-1×-7 )
⇒ Thr-y) = Ow so ✗ -y -0

=> ✗=y

Read: We say a function f. ✗→ Y isÑ if
( fog41=7 Ky

7-9=8
'

:L> ✗ stf-g-id.in and

( gfW=x Kr)

Pray: Let tix -it be a bix knew map . Then

is also linear
.



PHSeendeswtenoploaded.ie
,
-54%7×1 Let %

, yay .
Then 7 :X

,
Xi EX such that

ftp.#CXi7=y ,
,
tail :X ,

Then note

Tlxitxu)= TEN +THU) - yityr
That is Thy ,tyi-xitxz-T-YY.lt/--YYu).
Similarly note 1-(4×1)=017×17--47,

so 1--1147,1=4×1 = at-11×1)

T:v→w

Def: We call aÉ Iman map
•
an isomorphism

and we writes (lsimeq)



waystothinkaboutbasisthroughlenseo.tt#armapsPrp-'iLet V be fd with bass 8- cnn.vn )
'

For any
other vutw space W and vÑ yn e-W

F ! lmar map
Tiv→ w st

Twi = -7s , .
-

,
Thun )=→-

µ ,
we can send basis anywhere we want, and that)

uniquely defines the map

Pf) Let VEV be arbitrary .

Write viavit " tcnvn

Define Tcu) = ay , +Cik t - - t Cnyn



This
gives a function Tiv -0W

.

Need to check if
Irnar . Let 01,42 EV ☒ = Gui + Civet -

- tcnvn

42 : di Vit -
- t dnvn

1-(4.+du)=Tdiu+ _ . + Ccntdnlvn)

= Catch)Y , t - t Ccntdnyn
= Cil Yn + diYit--tdny_
= Tca) + 1- Gu )

Let aek
.

then Tcaor) = aciy , + - - tacnyn
= a (Gy it - - + Cnyn )

= a Tca)

(Bijection of sets Law)± Functions (BW )
)



Prof: Vfd with basis D ≥ Cv
. _
rn) . and let

Tiv →w be a lmar map ,
then

1) T is infective ⇔ (Twi ) - -

,Tarn)
) is LI in W

2) T surjective ⇔ (Tcu) . . _

, Tcvn)) spans W☒
3) T isomorphism ⇔ (Twi) , . .

,
Tarn))B a basis

☒
1) Assume T injective and let Ow = c.Tcu) + - + Intan)

for Cic F.Then TCC.Vit - . 1- Cnvn) = Ow

Since Tinjwtwc Ou = Civil -
- t Cnvn

Since CV
. - .vn) are basis c. =↳ = - - =Cn =D .

Hence CTCV
.
)
.
- .
Tarn)) an LI

Now assume Ctu)
,
- .

,
Tarn) ) is LI and let vookwlt)



Then V ≥ Gut - - t Cnvn . Then Tlmear

Ow=TCV)=T Cant - - tenth)Ñt -
- tcntlvn)

Yet they're LI So Ciao so V:O

CI
"

.
1) Lot domlv)=n . Then VHF

"

2) 2 vectors spaces are isomorphic iff they have
the same dimension

☒ Hot 8=6 .
- Vn) to basis for V.

Define % :#
"

→V by Isle .) --4

Flea)=v,
- -

%cent.vn

2) V.W same dm (n)

V2 #
"
≈W



Rmd : the proof of (1) tells us the following ! A
choice of basis amounts to choosing an

isomorphism
% : IF

"

→ ✓

•Under this recognition
[ v3
,

= % Gut
'



• So
,
if we chose two buses then we have

% %.

IF
"

I >V5 IF
"

Then since %
, %. an bijective

9,6%) : v. f. ( Cubs ' ) 1M¥
=> [ ✓ 3*8*-19, Caso .) 9Éiʰ

'

= > [ V ]§ᵈ[ V] for some
'

bijective
•

"

map :#
"
→In



Conneotimtotlatnius
• Recall we started today by discussing
and we

wanted to know how they changed if we
"etÉ

"

from & →D
'

Wcarenuwinasputtoanswwthis

thrm : let V w be lmwr and let

& :(v. - - un) E : (w. - Wha) be basis for Vyw .



Then 7 ! matrix A- e- Mmm (F) such that

De=Ao Well

(We often write A :-. 1T£ the matrix ott wit Ge )
Pt) write Tlv ,) - a-"Witanwit . - + amuwm

TCU) i. aww , t
- - t aIwm

i.

T(Un) = Antwi t - - t Amn Wm

Dionne A. like:(↑
- a" )i

am i amn mxn



Cos : Let V be a vector space and let 8,3
'

be two

basis fu V.

Consider the map

Cv
,
3) Cv

,
D

' )



(that is idH=vt#)
Then [ id )É:=% is called the

Éinatri✗ and fire ✓

[ v3 ,
= _PÉ [ V3,

Ñis
the name

"

fbÉ
"



Cod "

a) If V is n -dm, Wm-dins then there is an

*IÉ⇔=M
pups

11 dom CLUM = mn.

Marginally : V , W vector spaces
Bv
,
Bv

'

and Bw
,
Dw'

basis for YW respectively .

If T : V-> W knew then how are

Hi
[ T ? and [ T ] related ?

-

a-



[
• Consider the comparable maps

v 2-

1) [T]

2) Cs]

37 Csot] ⇐É ! ! !

↳•ᵗmk ) ✓



BaektoXkequestionabo_ : write cyst to emphasize
what basis using : write F- %?

"
aid ④ =P

,}w
'

- - -

you)T_> Cw,Bw ) iduH=V

/ idv " ↓ idw idwlw7=w

cyst
' )_T > (Witi )

→ Toidu = idwot
→ [Toidv] - [ idwot]

Bw

= [T]•%P=G IT ]&



→[t%=Qa%


